On the transposition anti-involution in real Cliffrd algebras II:
  Stabilizer groups of primitive idempotents by Ablamowicz, Rafal & Fauser, Bertfried
ar
X
iv
:1
00
5.
35
58
v1
  [
ma
th-
ph
]  
19
 M
ay
 20
10
ON THE TRANSPOSITION ANTI-INVOLUTION IN
REAL CLIFFORD ALGEBRAS II:
STABILIZER GROUPS OF PRIMITIVE IDEMPOTENTS
RAFA L AB LAMOWICZ AND BERTFRIED FAUSER
Abstract. In the first article of this work [1] we showed that real Clifford algebras
Cℓ(V,Q) posses a unique transposition anti-involution Tε˜ . There it was shown that the
map reduces to reversion (resp. conjugation) for any Euclidean (resp. anti-Euclidean)
signature. When applied to a general element of the algebra, it results in transposition
of the associated matrix of that element in the left regular representation of the algebra.
In this paper we show that, depending on the value of (p − q) mod 8, where ε = (p, q) is
the signature of Q, the anti-involution gives rise to transposition, Hermitian complex, and
Hermitian quaternionic conjugation of representation matrices in spinor representations.
We realize spinors in minimal left ideals S = Cℓp,qf generated by a primitive idempotent f .
The map Tε˜ allows us to define a dual spinor space S
∗, and a new spinor norm on S, which
is different, in general, from two spinor norms known to exist. We study a transitive action
of generalized Salingaros’ multiplicative vee groups Gp,q on complete sets of mutually
annihilating primitive idempotents. Using the normal stabilizer subgroup Gp,q(f) we
construct left transversals, spinor bases, and maps between spinor spaces for different
orthogonal idempotents fi summing up to 1. We classify the stabilizer groups according
to the signature in simple and semisimple cases.
1. Introduction
This paper is a continuation of [1]. Hence, in particular, all notation is the same. Recall
that in a universal real Clifford algebra Cℓn ∼= Cℓ(V,Q) of a non-degenerate quadratic real
vector space of dimension n, we have introduced a certain transposition anti-involution Tε˜
of the algebra as a unique extension of a suitable orthogonal map tε : V → V
♭. Using the
identification V ♭ ∼= V ∗, the orthogonal map tε can be viewed as a symmetric non-degenerate
correlation on V . For the study of correlations and involutions we refer to [10].
Following [1], let Cℓn and Cℓ
∗
n denote, respectively, the universal Clifford algebra over
V and the universal dual Clifford algebra1 over V ∗ where dim RV = dim RV
∗ = n. Let B
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1As it is explained in [1], this is not the linear dual Clifford algebra, which is not employed in this paper,
but the Clifford algebra over the space V ♭ ∼= V ∗ for the same quadratic form Q.
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and B∗ be, respectively, bases in Cℓn and Cℓ
∗
n sorted in the monomial order InvLex and
let Lu : Cℓn → Cℓn, u ∈ Cℓn, be the left multiplication operator. In [1, Prop. 2(v-vi)]
it was shown that if [Lu] (resp. [LTε (˜u)]) is the matrix of the operator Lu (resp. LTε (˜u))
relative to the basis B, then these matrices are related via the matrix transposition. As a
consequence, the anti-involution Tε˜ applied to u results in the transposition of the matrix
[Lu] in the left-regular representation Lu : Cℓn → Cℓn.
In Examples 4 and 5 in [1] it was also shown that the matrix transposition induced by
the anti-involution Tε˜ resulted also in matrix transposition in real spinor representations
of simple Clifford algebras Cℓn ∼= Mat(R, N), that is, in signatures (p, q) such (p − q) 6=
1 mod 4 and (p − q) = 0, 1, 2 mod 8. The aim of this paper is a detailed study of Tε˜ for
spinor representations in all signatures.
In Section 2 we study spinor representation of central simple Clifford algebras Cℓp,q
in a minimal left ideal S = Cℓp,qf generated by a primitive idempotent f and consider
generalized Salingaros’ multiplicative vee groups Gp,q of order 2
1+p+q. It is well-known
that Gp,q acts via conjugation on Cℓp,q. We find a stabilizer group Gp,q(f) of f and show
that:
(i) Gp,q(f) is normal in Gp,q and of order 2
1+p+rq−p.
(ii) The set F of all N = 2k primitive mutually annihilating idempotents fi, determined
by f , constitutes one orbit of f under the (transitive) action of Gp,q.
(iii) Monomials mi in a (non-canonical) left transversal of Gp,q(f) together with f de-
termine a spinor basis in the left ideal Cℓp,qf .
(iv) The division rings K = fCℓp,qf are Gp,q-invariant.
(v) Gp,q permutes the spinor basis elements modulo the commutator subgroup G
′
p,q by
acting on them via the left multiplication.
We classify all stabilizer groups and analyze their structure in dimension up to nine. We
recognize that the anti-involution Tε˜ is similar to a map known in the theory of group
rings as ∗ : k[G] → k[G] sending
∑
x∈G axx 7→
∑
axx
−1 [9].2 This map allows one to
define a spinor norm on Cℓp,qf which is different, in general, from β± norms on spinor
spaces known to exist [8]. This spinor norm is invariant under a group Gεp,q defined in
this section. Finally, we show that the real anti-involution Tε˜ of Cℓp,q is responsible for
transposition, Hermitian complex, and Hermitian quaternionic conjugation of a matrix [u]
in spinor representation, where u ∈ Cℓp,q, depending on the value of (p− q) mod 8.
In Section 3, we extend results from simple to semisimple Clifford algebras and realize
their faithful spinor representation in S ⊕ Sˆ. We show that:
(i) Gp,q(f) = Gp,q(fˆ) for any primitive idempotent f .
(ii) Gp,q(f) is normal in Gp,q and its order is 2
2+p+rq−p.
(iii) Since the center of a semisimple Clifford algebra is non-trivial and includes a unit
pseudoscalar e1···n which squares to 1, there are two orthogonal central idempotents
1
2
(1 ± e1···n) adding to 1. Then, the set F of 2
k mutually annihilating primitive
idempotents adding to the unity partitions into two sets F1 and F2, each with
2It may interest the curious reader that this map is in fact the antipode on the Hopf algebra over the
group algebra k[G].
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N = 2k−1 elements. As expected, the idempotents in each set add up to one of the
two central idempotents.
(iv) Like in the simple case, k = q − rq−p. We show that the set F1 coincides with the
orbit O(f) while the set F2 coincides with the orbit O(fˆ), each under the conjugate
action of the vee group Gp,q.
(v) No element of Gp,q relates the two orbits.
(vi) The transversal of Gp,q(f) in Gp,q generates, like in the simple case, a spinor basis
in S, hence in Sˆ too, and it permutes the spinor basis elements.
(vii) Finally, the transversal elements act transitively via conjugation on each orbit.
The remaining results from the simple case apply to the semisimple case. In particular, the
real map Tε˜ is responsible for transposition or the Hermitian quaternionic conjugation of a
matrix [u] for any u ∈ Cℓp,q. This time, we need to work with double spinor representation
in S ⊕ Sˆ over the double ring K⊕ Kˆ, depending on the value of (p− q) mod 8.
In Section 4, we summarize our results. In Appendix A we collect information about
the stabilizer groups Gp,q(f) for simple Clifford algebras in Tables 1, 2, and 3, and for
semisimple algebras in Tables 4 and 5.
2. Action on spinor spaces in simple Clifford algebras
In this section we will show that the anti-involution Tε˜ corresponds to Hermitian con-
jugation of matrices in spinor representation of Cℓp,q. In particular, it acts as Hermitian
conjugation on the spinor space S = Cℓp,qf where f is a primitive idempotent. For the
theory of spinor representations of Clifford algebras, we refer to [5, 7, 8] while in [3] one
can find many computational examples. We also investigate the conjugate action of the
Salingaros vee group Gp,q on primitive idempotents in a simple algebra Cℓp,q and we classify
their stabilizer groups. For the necessary terminology and results of the theory of groups,
we refer to [11].
We begin with summarizing background information on Clifford algebras. We denote
the reals as R, complex numbers as C and quaternions as H.
Theorem 1. Let Cℓp,q be the universal Clifford algebra as defined above.
(a) When p − q 6= 1 mod 4 then Cℓp,q is a simple algebra of dimension 2
n, n = p + q,
isomorphic with a full matrix algebra Mat(2k,K) over a division ring K where
k = q − rq−p and ri is the Radon-Hurwitz number.
3 Here K is one of R,C or H.
(b) When p−q = 1 mod 4 then Cℓp,q is a semisimple algebra of dimension 2
n, n = p+q
isomorphic to Mat(2k−1,K) ⊕Mat(2k−1,K), k = q − rq−p, where K is isomorphic
to R or H depending whether p − q = 1 mod 8 or p − q = 5 mod 8. Each of the
two simple direct components of Cℓp,q is projected out by one of the two central
idempotents 1
2
(1± e12...n).
3The Radon-Hurwitz number is defined by recursion as ri+8 = ri + 4 and these initial values: r0 =
0, r1 = 1, r2 = r3 = 2, r4 = r5 = r6 = r7 = 3. See [5, 8].
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(c) Any polynomial f in Cℓp,q expressible as a product
f =
1
2
(1± ei
1
)
1
2
(1± ei
2
) · · ·
1
2
(1± eik) (1)
where eii, i = 1, . . . , k, are commuting basis monomials in B with square 1 and
k = q − rq−p generating a group of order 2
k, is a primitive idempotent in Cℓp,q.
Furthermore, Cℓp,q has a complete set of 2
k such primitive mutually annihilating
idempotents which add up to the unit 1 of Cℓp,q.
4
(d) When (p− q) mod 8 is 0, 1, 2, or 3, 7, or 4, 5, 6, then the division ring K = fCℓp,qf
is isomorphic to R or C or H, and the map S × K → S, (ψ, λ) 7→ ψλ defines a
right K-linear structure on the minimal left ideal S = Cℓp,qf.
(e) When Cℓp,q is simple, then the map
Cℓp,q
γ
−→ EndK(S), u 7→ γ(u), γ(u)ψ = uψ (2)
gives an irreducible and faithful representation of Cℓp,q in S.
(f) When Cℓp,q is semisimple, then the map
Cℓp,q
γ
−→ End
K⊕Kˆ(S ⊕ Sˆ), u 7→ γ(u), γ(u)ψ = uψ (3)
gives a faithful but reducible representation of Cℓp,q in the double spinor space S⊕ Sˆ
where S = {uf | u ∈ Cℓp,q}, Sˆ = {ufˆ | u ∈ Cℓp,q} and ˆ stands for the grade-
involution in Cℓp,q. In this case, the ideal S ⊕ Sˆ is a right K⊕ Kˆ-linear structure,
Kˆ = {λˆ | λ ∈ K}, and K ⊕ Kˆ is isomorphic to R ⊕ R when p − q = 1 mod 8 or to
H⊕ Hˆ when p− q = 5 mod 8.5
We begin by first observing the following basic properties of Tε˜ .
Lemma 1. Let ei be any basis monomial in B where B is a basis of Cℓp,q consisting of
Grassmann basis monomials. Then,
(i) Tε˜ (ei) = e
−1
i .
(ii) If e2i = 1 (resp. e
2
i = −1) then Tε˜ (ei) = ei (resp. Tε˜ (ei) = −ei).
(iii) Let ei
1
, ei
2
, . . . , eik be a set of mutually commuting basis monomials in B that square
to 1 where k = q− rq−p. Then, the primitive idempotent (1) is invariant under Tε˜ ,
that is, Tε˜ (f) = f.
(iv) In Euclidean (p, 0) and anti-Euclidean (0, q) signatures, let v be a 1-vector belonging
to (V,Q) in Cℓp,0 or Cℓ0,q, respectively. That is, let v =
∑n
i viei where vi ∈ R and
n = dim RV. Then,
(a) vTε˜ (v) = Tε˜ (v)v =
∑n
i v
2
i .
4Two idempotents f1 and f2 are mutually annihilating when f1f2 = f2f1 = 0. Such idempotents are
also called orthogonal. A decomposition of the unity 1 into a sum of mutually annihilating primitive
idempotents is called for short a primitive idempotent decomposition.
5See [10, Chapt. 9] for a discussion of quaternionic linear spaces, and [10, Chapt. 12] for double fields
and their anti-involutions.
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(b) If vTε˜ (v) 6= 0, then v
−1 =
Tε˜ (v)
vTε˜ (v)
.
Let f be a primitive idempotent of the form (1) and let S = Cℓp,qf be a minimal left
ideal. We make the following observations:
1. Let λ ∈ K = fCℓp,qf. Then, it is easy to see that λf = fλ since f
2 = f. However, it
should be observed that in general, (uf)λ 6= λ(uf) where uf ∈ S and u ∈ Cℓp,q.
2. The division ring K = fCℓp,qf is a real subalgebra of Cℓp,q of dimension 1, 2, or 4
depending on the value of (p− q) mod 8. In particular,
K = fCℓp,qf =


spanR{f} if p− q = 0, 1, 2 mod 8;
spanR{f, eif} if p− q = 3, 7 mod 8;
spanR{f, eif, ejf, ekf} if p− q = 4, 5, 6 mod 8;
(4)
where ei, ej, ek are basis monomials in B that satisfy the required relations:
e2i = e
2
j = e
2
k = −1 and eiej = −ejei = ek (cyclically). (5)
Furthermore, due to the first observation, the basis elements {1, ei, ej, ek} which span K
over R modulo f , commute with f .
3. Thus, Tε˜ acts on K = fCℓp,qf as an anti-involution. In the following, λi ∈ R, bi are
the basis elements in {1, ei, ej, ek}, and, to simplify notation, we set λ = Tε˜ (λ) whenever
λ ∈ K.
Tε˜ : K→ K, λ = fuf =
∑
λibi 7→ λ = fTε˜ (u)f =
∑
λibi (6)
which reduces to the identity map, or complex conjugation, or quaternionic conjugation in
K depending on the value of (p− q) mod 8. Note that
{1, ei, ej, ek} 7−→ {1,−ei,−ej ,−ek} (7)
due to part (ii) from Lemma 1. The rest of our claim follows then easily from the R-
linearity of Tε˜ and the fact that it is an anti-involution. Thus, we get λµ = µλ for any
λ, µ ∈ K.
4. Part (d) of Theorem 1 implies that in the monomial basis B of a simple Clifford
algebra Cℓp,q one can always find a (non-unique) set M of N = 2
k monomials {mi}
N
i=1
for the chosen primitive idempotent f such that the polynomials {mif}
N
i=1 are linearly
independent over K and give a basis in S = Cℓp,qf as a right K-vector space.
6 Thus,
S = Cℓp,qf = spanK{m1f,m2f, . . . , mNf} and ψ =
N∑
i=1
mifλi, (8)
where λi ∈ K, for any spinor ψ ∈ S.
6In a semisimple Clifford algebra, we have N = 2k−1. Semisimple algebras are considered in Section 3.
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The monomials M = {mi}
N
i=1 from (8) have, as we will see shortly, a very interesting
property: Let f be a chosen primitive idempotent in Cℓp,q. For example, we will set f to
equal the polynomial (1) where all signs are plus. Then,
F = {m1fm
−1
1 , m2fm
−1
2 , . . . , mNfm
−1
N } (9)
provides a complete set of N = 2k mutually annihilating primitive idempotents that add
up to the unity 1 of Cℓp,q.
7
Let fi = mifm
−1
i and Ki = fiCℓp,qfi, i = 1, . . . , N .
8 For completeness, we recall how
the monomials M act on the division rings Ki. Let mj ∈M. Then,
K1 = f1Cℓp,qf1
mj
→ mjK1m
−1
j = mj(f1Cℓp,qf1)m
−1
j
= (mjf1m
−1
j )(mjCℓp,qm
−1
j )(mjf1m
−1
j )
= fjCℓp,qfj = Kj (10)
because the conjugate action on Cℓp,q is an algebra automorphism. Thus, the division rings
Ki are all isomorphic. In addition, it can be verified that all rings Kj as real subalgebras of
Cℓp,q have the same spanning set: {1}, {1, ei}, or {1, ei, ej , ek} depending on the value of
(p− q) mod 8 as shown in (4). Furthermore, the conjugate action of each such monomial
on K modulo f amounts to an algebra automorphism. This automorphism is the identity
map when K ∼= R; it is either the identity map or “complex” conjugation when K ∼= C;
and it is either the identity map or “complex” conjugation of two out of three subalgebras:
spanR{1, ei}, spanR{1, ej}, and spanR{1, ek}, each isomorphic to C, when K
∼= H. Hence,
it is not the quaternionic conjugation of K realized by Tε˜ as shown in (7).
Let Gp,q be a finite group in any Clifford algebra Cℓp,q (simple or semisimple) with a
binary operation being just the Clifford product and defined as
Gp,q = {±ei | ei ∈ B} with (±ei)(±ej) = cmul(±ei,±ej). (11)
This group of order 2·2p+q = 2n+1 is known as Salingaros vee group and has been discussed,
for example, in [12–15], but similar such groups where also studied by Helmstetter [6]. In
particular, Gp,q is a discrete subgroup of Pin(p, q).
9 We recall properties of this group next.
1. In a simple Clifford algebra, the group Gp,q acts transitively via conjugation on any
set F of primitive and orthogonal idempotents. That is, let f be any primitive idempotent
and g ∈ Gp,q. Then,
gfg−1 = gfTε˜ (g)
is another primitive idempotent. If gfg−1 6= f then gfg−1 annihilates f . The number of
such idempotents in any complete set F is obviously N = 2k = dim KS where k = q− rq−p
as before. Let Gp,q(f) denote the stabilizer of f under the conjugate action of Gp,q and let
O(f) be the orbit of f , then
N = [Gp,q : Gp,q(f)] = |O(f)| = |Gp,q|/|Gp,q(f)| = 2 · 2
p+q/|Gp,q(f)| = 2
k
7We will see shortly that the monomial set M is a (left) transversal for Gp,q(f) in Gp,q.
8From now on, we always sort the monomial set M by InvLex order so that m1 = 1 and f1 = f .
9See [8, Sect. 17.2] for the definition of Pin(p, q).
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where [Gp,q : Gp,q(f)] is the index of the stabilizer Gp,q(f) in Gp,q and the bars | · | indicate
the number of elements. This way, we can easily find the order of the stabilizer
|Gp,q(f)| = 2 · 2
p+q/2k = 21+p+q−k = 21+p+q−q+rq−p = 21+p+rq−p.
This property, thus, for all practical purposes, allows us to find a complete set of all
mutually annihilating primitive idempotents in Cℓp,q
F = {f1, f2, . . . , fN} (12)
summing up to 1 by setting, say, f = f1 and then letting Gp,q act on f via the conjugation.
Then, F = O(f) since the action of Gp,q is transitive. We summarize properties of the
stabilizer in the following proposition and also in Tables 1, 2, and 3 in Appendix A.
Proposition 1. Let Cℓp,q be a simple Clifford algebra, p− q 6= 1 mod 4 and p+ q ≤ 9. Let
f be any primitive idempotent in the set F and let Gp,q(f) be its stabilizer in Gp,q under
the conjugate action. Then,
(i) Gp,q(f)  Gp,q, that is, Gp,q(f) is a normal subgroup of Gp,q and |Gp,q(f)| =
21+p+rq−p.
(ii) Gp,q(f) is a 2-primary Abelian group when p−q = 0, 1, 2 mod 8 (real simple case) or
p− q = 3, 7 mod 8 (complex simple case), whereas Gp,q(f) is a non Abelian 2-group
when p− q = 4, 5, 6 mod 8 (quaternionic simple case).
(iii) Let k = q − rq−p. Then, Gp,q(f) is generated multiplicatively by s non-unique ele-
ments
Gp,q(f) = 〈g1, g2, . . . , gs〉 (13)
where s = k+1 when p− q = 0, 1, 2 mod 8 or p− q = 3, 7 mod 8, whereas s = k+2
when p− q = 4, 5, 6 mod 8.
(iv) The orders of the generators g1, g2, . . . , gs are 2 or 4, and the structure of the sta-
bilizer group Gp,q(f) is shown in Tables 1, 2, and 3 in Appendix A.
(v) Let mj be any element in Gp,q(f) and let f have the form (1). Then, the stability
of the idempotent mjfm
−1
j = f implies
mjei
1
m−1j = ei1 , mjei2m
−1
j = ei2, . . . , mjeikm
−1
j = eik .
That is, the set of commuting monomials T = {ei
1
, . . . , eik} in f is point-wise
stabilized by Gp,q(f).
All statements in the above proposition have been derived with CLIFFORD for dimV ≤ 9.
Property (v) came as rather unexpected: Instead of permuting the commuting monomi-
als T in the idempotent f shown in (1), this set is stabilized point-wise by Gp,q(f). Thus,
all primitive idempotents in F have the same stabilizer group. We also comment that
the direct product decomposition of Gp,q(f) in the quaternionic case includes normal sub-
groups F3 and F2 of orders 16 and 8, respectively. These groups contain the commutator
subgroup G′p,q = {1,−1} of Gp,q.
10 Furthermore, Gp,q(f) is solvable in all three cases since
10The commutator subgroup G′ of a group G is G′ = [G,G] = 〈[x, y] |x, y ∈ G〉. That is, it is a subgroup
of G generated by all commutators [x, y] = xyx−1y−1 for x, y ∈ G. In general, G′  G and G/G′ is
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it is a finite 2-group. As such, it does have a normal series with Abelian factor groups.
Thus, the derived series of Gp,q(f) will terminate with (Gp,q(f))
(n) = {1} for some n where
(Gp,q(f))
(n) = ((Gp,q(f))
(n−1))′ is the commutator subgroup of (Gp,q(f))
(n−1) [11].
2. There is a bijection θ (basic from the group theory) from the coset space Gp,q/Gp,q(f)
to the orbit O(f) which is given as
θ : Gp,q/Gp,q(f) −→ O(f)
miGp,q(f)
θ
7→ fi = mifm
−1
i = mifTε˜ (mi) (14)
where the set of coset representatives {mi}
N
i=1 is in fact the same as the set M of mono-
mials (8). That is, these coset representatives11 allow one to find a spinor basis Sj in
Sj = Cℓp,qfj over K = fCℓp,qf by simply taking this set
Sj = {m1fj, . . . , mNfj}, 1 ≤ j ≤ N, (15)
as such basis.12 Of course, among these generators we have the identity 1, so that 1fj = fj
for every j is the primitive idempotent whereas all other basis elements in Sj are nilpotent
of index 2.
Let mj ∈ M and fj = mjfm
−1
j where as before f is a primitive idempotent defined as
in (1) with all plus signs. Then, obviously,
(i) f 2j = (mjfm
−1
j )(mjfm
−1
j ) = mjfm
−1
j = fj.
(ii) fj is primitive as it has k factors – as many as f does. Observe that
fj = mjfm
−1
j =
1
2
(1 +mjei
1
m−1j ) · · ·
1
2
(1 +mjeikm
−1
j ) (16)
and, for all 1 ≤ s, t ≤ k and 1 ≤ j ≤ N we have:
(1) (mjeism
−1
j )
2 = 1 since e2is = 1,
(2) (mjeism
−1
j )(mjeitm
−1
j ) = (mjeitm
−1
j )(mjeism
−1
j ) as eiseit = eiteis ,
(3) mjeism
−1
j 6= mjeitm
−1
j when eis 6= eit since conjugation is a bijection. In fact,
mjeism
−1
j = eis for any 1 ≤ s ≤ k due to (v) in Proposition 1.
(iii) Let mi 6= 1. Then, (mif)(mif) = αi(mifm
−1
i )f = αifif = 0 where αi = m
2
i since
fi 6= f and fi and f are mutually annihilating. Thus, mif is nilpotent. Similarly,
one shows that mifj is nilpotent as long as mi 6= 1.
3. In addition to acting on the idempotent set F via the conjugation (14), the group
Gp,q has a representation on the coset space Gp,q/Gp,q(f) since Gp,q(f) has a finite index
N = 2q−rq−p. Thus, according to the Representation on Cosets Theorem (see [11, Theorem
2.88]), there exists a homomorphism ϕ : Gp,q → SN with kerϕ ≤ Gp,q(f). Here, by SN
we denote the symmetric group on an N -element set. This action is important for our
Abelian [11, Prop. 5.57]. We have G′p,q = {1,−1} since any two monomials in Gp,q either commute or
anti-commute.
11The coset representatives are precomputed for all Clifford algebrasCℓp,q, n = p+q ≤ 9, in CLIFFORD [4].
They are also shown in [3].
12Later, when we will be computing matrices of Clifford elements in spinor representation, we will
always take the ordered basis S1 = [m1f1, . . . ,mNf1].
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considerations since it amounts to permuting basis elements in each spinor space Sj . Thus,
we look at it in greater detail.
For each monomial mj ∈ Gp,q,
13 define a left translation
τmj : Gp,q/Gp,q(f)→ Gp,q/Gp,q(f) (17)
by τmj (miGp,q(f)) = (mjmi)Gp,q(f)). Obviously, τmj is a bijection and τmj ∈ SGp,q/Gp,q(f),
the symmetric group on the finite coset space. It is routine now to define
ϕ : Gp,q → SGp,q/Gp,q(f)
via ϕ(mj) = τmj and show that ϕ is a homomorphism and kerϕ ≤ Gp,q(f). Finally,
SGp,q/Gp,q(f)
∼= SN since |Gp,q/Gp,q(f)| = N.
Above we have discovered that the stabilizer group Gp,q(f) is normal in Gp,q. Thus,
the action of Gp,q on the cosets via the left translation (17) really amounts to the coset
multiplication since
mj(miGp,q(f)) = (mjGp,q(f))(miGp,q(f))
in the quotient group Gp,q/Gp,q(f).
We have already established that there is a bijection π between the cosets in Gp,q/Gp,q(f)
and the spinor basis S in the spinor ideal S = Cℓp,qf :
miGp,q(f)
π
7−→ mif, (18)
where mi ∈M give the spinor (ordered) basis S = [m1f,m2f, . . . , mNf ]. We will prove in
Lemma 2 that π is well-defined.
The left multiplication τmj for each mj in M induces a bijection (permutation) κmj
modulo the commutator group G′p,q = {1,−1} on the basis S which also acts as left
translation on these basis elements. We have the following commutative diagram:
Gp,q/Gp,q(f) S
π
//
Gp,q/Gp,q(f)
τmj

S
π
//
κmj=π◦τmj ◦π
−1

(19)
where κmj : mif 7→ mjmif = c
k
j,imkf for some real coefficients c
k
j,i. In fact, since κmj is a
bijection, for each pair (j, i) there is exactly one value of the index k such that ckj,i = 1 or
−1, and it is zero for all other values of the index k.
Lemma 2. Consider the spinor representation of Cℓp,q in the spinor ideal S1 with the
ordered basis S1 = [m1f1, . . . , mNf1] with αi = m
2
i . Let f ∈ F be any primitive idempotent.
(a) The mapping π : Gp,q/Gp,q(f)→ S where miGp,q(f)
π
7→ mif is well-defined.
13In fact, it is enough to pick mj from the left transversal M.
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(b) Let mlfk ∈ Sk where Sk is a basis in the spinor ideal Sk = Cℓp,qfk and let mif1 be
any basis element in our chosen basis S1 in S1 = Cℓp,qf1. Then, for anyml, mi ∈M,
(mlfk)(mif1) =
N∑
j=1
ci,jl,kmjf1 =
{
0 i 6= k;
ml(mkf1) = c
j
l,kmjf1 i = k,
(20)
where, for any given pair (l, k), there is exactly one value of the index j such that
cjl,k
def
= ck,jl,k = 1 or −1, and it is zero for all other values of j.
(c) Let ml, mk ∈ M and let f1 ∈ F . Then,
[mk, ml] = [m
−1
k , m
−1
l ] = c
j
k,lc
j
l,k mod f1 (21)
for some index j.
(d) The coefficients cki,j and c
j
i,k satisfy the relation c
k
i,j = αic
j
i,k.
(e) Let ψk =
∑N
i=1mifkλi be a spinor in the k-th spinor ideal Sk = Cℓp,qfk with
components λi ∈ K = f1Cℓp,qf1. Then, the matrix [ψk] in the spinor represen-
tation has each l-th column zero when l 6= k and in its k-th column, for each
index i, in the j-th row it has exactly one (potentially) non-zero entry cji,kλi,k where
λi,k = m
−1
k λimk = mkλim
−1
k .
Proof. (a) Suppose that π(miGp,q(f)) = π(m
′
iGp,q(f)) for somemi, m
′
i in Gp,q. Then, mif =
m′if or, f = (m
−1
i m
′
i)f. Let g = m
−1
i m
′
i. Thus, f = gf and
Tε˜ (mif) = fm
−1
i = f(m
′
i)
−1, or, f(m−1i m
′
i) = fg = f
because Tε˜ (f) = f for any primitive idempotent by part (iii) of Lemma 1, and Tε˜ (mi) =
m−1i for every mi ∈ Gp,q by part (i) of the same lemma. Thus, f = gfg
−1 and g ∈ Gp,q(f).
Therefore, π is well-defined.
(b) Observe that (mlfk)(mif1) = mlfk(mif1m
−1
i )mi = mlfkfimi. The latter is zero when
i 6= k since fkfi = 0. When i = k, we get
(mlfk)(mif1) = mlfkfimi = mlfkmk = mlmk(m
−1
k fkmk)
= ml(mkf1) = c
j
l,kmjf1. (22)
(c) Since M⊂ Gp,q, the monomials mk and ml either commute or anticommute. Thus,
from (22) we get ml(mkf1) = c
j
l,kmjf1 and mk(mlf1) = c
j
k,lmjf1 for some mj ∈ M.
Therefore,
cjk,lc
j
l,kf1 = [m
−1
k , m
−1
l ]f1 = [mk, ml]f1
where [mk, ml] ∈ G
′
p,q.
(d) Since mimkf1 = c
j
i,kmjf1 and mimjf1 = c
k
i,jmkf1, we get
mkf1 = c
j
i,km
−1
i mjf1 = c
j
i,kαimimjf1 = c
k
i,jmimjf1
so cki,j = αic
j
i,k.
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(e) To find entries in the l-th column of [ψk] in the basis S1, we need to compute the
following product for each index i:
(mifkλi)(mlf1) = miλifkmlf1 = miλi(fkmlf1m
−1
l )ml = miλi(fkfl)ml (23)
where fkfl = 0 unless l = k since fk and fl are mutually annihilating otherwise. Thus, we
continue under the assumption that l = k :
(mifkλi)(mlf1) = miλifkmkf1 = miλi(mkf1m
−1
k )mkf1 = miλimkf1
= mimk(m
−1
k λimk)f1 = mimkf1λi,k = (mjf1)(c
j
i,kλi,k) (24)
where λi,k = m
−1
k λimk. We have repeatedly used the fact that elements of the division ring
K commute with f1 and that Gp,q acts via conjugation on K. Thus, this last equality tells
us that, for each index i, the entry cji,kλi,k is located in the j-th row of the k-th column in
[ψk]. ~
In order to clarify part (e) of the last lemma, we recall that the left multiplication maps
κmi on S1 are bijections, that is, the triples (i, j, k) are uniquely determined in the following
sense: For each pair of any two indices, the third index is uniquely determined whenever
the coefficients cki,j and c
j
i,k are both non-zero.
We illustrate the above lemma with the following examples.
Example 1. Consider Cℓ2,2 ∼= Mat(4,R) with f =
1
4
(1 + e13)(1 + e24). The monomial list
M = [1, e1, e2, e12] contains our chosen coset representatives in G2,2/G2,2(f) and the set F
contains these four idempotents:
f1 = 1 f 1
−1, f2 = e1fe
−1
1 , f3 = e2fe
−1
2 , f4 = e12fe
−1
12 . (25)
Then, the list S1 = [f1, e1f1, e2f1, e12f1] is the ordered basis in S1 = Cℓ2,2f1 and similarly for
the other three spinor ideals. There are, as expected, exactly sixteen non-zero coefficients
cjl,k which satisfy relation (22). To save space, we display them in the following matrix:
C =


c11,1 c
1
2,2 c
1
3,3 c
1
4,4
c22,1 c
2
1,2 c
2
4,3 c
2
3,4
c33,1 c
3
4,2 c
3
1,3 c
3
2,4
c44,1 c
4
3,2 c
4
2,3 c
4
1,4

 =


1 1 1 −1
1 1 1 −1
1 −1 1 1
1 −1 1 1

 (26)
where Cj,k = c
j
l,k for some index l. From this matrix it is easy to read off matrices that
represent each of the sixteen basis elements in the four minimal ideals: Matrix [mlfk] of the
basis element mlfk ∈ Sk in the spinor representation of Cℓ2,2 in S1 has only one non-zero
entry in its j-th row and k-th column that equals Cj,k.
Let ψk =
∑4
i=1mifkλi ∈ Sk where λi = ψik ∈ K = fkCℓ2,2fk
∼= R; the monomials
mi ∈M and the idempotents are shown in (25). Then, since the group G2,2 acts trivially
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on K, we have λi,k = m
−1
k λimk = λi, ∀i, k, and we find:
[Ψ] = [ψ1] + [ψ2] + [ψ3] + [ψ4] =


ψ11 ψ21 ψ31 −ψ41
ψ21 ψ11 ψ41 −ψ31
ψ31 −ψ41 ψ11 ψ21
ψ41 −ψ31 ψ21 ψ11

 (27)
The display (27) clearly shows, that (i) the sign distribution matches that of the matrix C
in (26); (ii) entries in columns two, three, and four are essentially, up to the sign, permu-
tations of the entries in the first column; (iii) the (j, k) entry of [Ψ] is exactly cji,kλi,k as
predicted by part (e) of Lemma 2.
Example 2. Consider Cℓ3,0 ∼= Mat(2,C) with f =
1
2
(1+e1). The monomial listM = [1, e2]
shows our chosen coset representatives in G3,0/G3,0(f) and the set F contains these two
idempotents:
f1 = 1f1
−1 =
1
2
(1 + e1), f2 = e2fe
−1
2 =
1
2
(1− e1). (28)
Then, the list S1 = [f1, e2f1] is the ordered basis in S1 = Cℓ3,0f1 and the set S2 = {f2, e2f2}
is a basis in S2 = Cℓ3,0f2. There are, as expected, exactly four non-zero coefficients c
1
1,1 =
c21,2 = c
2
2,1 = c
1
2,2 = 1 which satisfy relation (22). Matrices of the four basis elements from
S1 and S2 in the representation of Cℓ3,0 in S1, are as follows:
[f1] =
[
c11,1 0
0 0
]
=
[
1 0
0 0
]
, [e2f2] =
[
0 c12,2
0 0
]
=
[
0 1
0 0
]
,
[e2f1] =
[
0 0
c22,1 0
]
=
[
0 0
1 0
]
, [f2] =
[
0 0
0 c21,2
]
=
[
0 0
0 1
]
. (29)
Let ψk =
∑2
i=1mifkλi ∈ Sk where λi = ψi1 + ψi2e23 ∈ K = f1Cℓ3,0f1
∼= C; monomials
mi ∈M and the idempotents are shown in (28). Then, since this time the group G3,0 acts
non trivially on K via conjugation, we have
ψi1 + ψi2e23
m17−→ ψi1 + ψi2e23, ψi1 + ψi2e23
m27−→ ψi1 − ψi2e23,
and we find:
[Ψ] = [ψ1] + [ψ2] =
[
ψ11 + ψ12e23 ψ21 − ψ22e23
ψ21 + ψ22e23 ψ11 − ψ12e23
]
(30)
again in agreement with part (e) of Lemma 2.
Combining now the conjugate action of Gp,q on F with the permutations modulo G
′
p,q
on our chosen spinor basis S = S1, we get the following proposition.
Proposition 2. The group Gp,q permutes the basis elements in S modulo the commutator
group G′p,q = {1,−1}. That is, it acts on S via the left translation κmj modulo {1,−1}
where mj ∈M is the coset representative of mjGp,q(f) in the quotient group Gp,q/Gp,q(f).
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The above proposition is of course true if we replace the idempotent f with any conjugate
to it idempotent fk. Now we are ready to prove the following results.
Proposition 3. Let ψ, φ ∈ S = Cℓp,qf. Then, Tε˜ (ψ)φ ∈ K. In particular, Tε˜ (ψ)ψ ∈ Rf ⊂
K.
Proof. Let ψ =
∑
imifλi and φ =
∑
j mjfµj, λi, µj ∈ K, be two spinors in S. Recall that
Tε˜ (λi) = λi from (6) while Tε˜ (mi) = m
−1
i and Tε˜ (f) = f from Lemma 1. Then we have:
Tε˜ (ψ)φ = Tε˜
(∑
i
mifλi
)(∑
j
mjfµj
)
=
(∑
i
λifTε˜ (mi)
)(∑
j
mjfµj
)
=
∑
i
λif Tε˜ (mi)mi︸ ︷︷ ︸
1
fµi +
∑
i
∑
j
j 6=i
λifTε˜ (mi)mjfµj
=
∑
i
λiµif +
∑
i
∑
j
j 6=i
λim
−1
i mifTε˜ (mi)mjfm
−1
j mjµj
=
∑
i
λiµif +
∑
i
∑
j
j 6=i
λim
−1
i (mifm
−1
i )︸ ︷︷ ︸
fi
(mjfm
−1
j )︸ ︷︷ ︸
fj
mjµj
=
∑
i
λiµif ∈ Kf = fK = K (31)
because fifj = fjfi = 0 whenever i 6= j, that is, fi and fj are two mutually annihilating
idempotents. ~
Corollary 1. Let ψ ∈ S = Cℓp,qf. Then, Tε˜ (ψ)ψ ∈ R ∼= Rf ⊂ K.
Definition 1. Let Gεp,q = {g ∈ Cℓp,q | Tε˜ (g)g = 1}.
Corollary 2.
(i) The K-valued inner product Sj × Sj → K defined as
(ψ, φ) 7→ Tε˜ (ψ)φ = λfj = fjλ, λ ∈ K (32)
is invariant under the group Gεp,q.
14
(ii) Gp,q(f)unlhdGp,q ≤ G
ε
p,q.
The above comments are very helpful in proving that indeed Tε˜ is a conjugation on S
and, therefore, the matrix of Tε˜ (u) is the Hermitian conjugate of the matrix of u in the
spinor representation of Cℓp,q in S = Cℓp,qf for any u ∈ Cℓp,q.
Proposition 4. Let Cℓp,q be a simple Clifford algebra, p − q 6= 1 mod 4 and p + q ≤ 9.
Let ψk ∈ Sk = Cℓp,qfk and let [ψk] (resp. [Tε˜ (ψk)]) be the matrix of ψk (resp. Tε˜ (ψk))
14In [2] we provide a complete classification of all groups Gεp,q.
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in the spinor representation with respect to the ordered basis S1 = [m1f1, . . . , mNf1] with
αi = m
2
i . Then,
[Tε˜ (ψk)] =


[ψk]
T if p− q = 0, 1, 2 mod 8;
[ψk]
† if p− q = 3, 7 mod 8;
[ψk]
‡ if p− q = 4, 5, 6 mod 8;
(33)
where T denotes transposition, † denotes Hermitian complex conjugation, and ‡ denotes
Hermitian quaternionic conjugation.
Proof. Let ψk =
∑N
i=1mifkλi be a spinor in Sk = Cℓp,qfk where λi ∈ K = f1Cℓp,qf1. In
part (e) of Lemma 2 we have shown that the k-th column of [ψk] is the only potentially
non-zero column with the (j, k) entry equal to cji,kλi,k where λi,k = mkλim
−1
k . Thus, it is
enough to show that the (k, j) entry of [Tε˜ (ψk)] is c
j
i,kλi,k where by λi,k we mean either the
identity involution, complex conjugation, or quaternionic conjugation depending on the
value of (p− q) mod 8.
In order to find entries in the l-th column of [Tε˜ (ψk)] in the basis S1, we proceed like
in (23):
Tε˜ (mifkλi)(mlf1) = Tε˜ (λi)fkTε˜ (mi)(mlf1)
= λifkm
−1
i mlf1 = λiαi(fkmimlf1) (34)
It should be clear, using the same argument as in the proof of part (e) of Lemma 2,
that the product fkmimlf1 = 0 unless miml ∝ mk. Since (i, j, k) is a triple such that
mimjf1 = c
k
i,jmkf1, this means that in order for the product fkmimlf1 not to be zero, we
must have l = j. This is because the translation κmi is a bijection on S1. Therefore, we
continue under the assumption that l = j:
Tε˜ (mifkλi)(mlf1) = λiαifk(mimjf1) = λiαifkc
k
i,jmkf1
= λiαi(mkf1m
−1
k )(mkc
k
i,jf1)
= λiαimkf1c
k
i,j = mk(m
−1
k λimk)αif1(αic
j
i,k)
= (mkf1)(m
−1
k λimk)c
j
i,k = (mkf1)(c
j
i,kλi,k) (35)
where we have used the identity cki,j = αic
j
i,k from Lemma 2 part (d); the fact that α
2
i = 1;
and the following:
m−1k λimk = m
−1
k Tε˜ (λi)mk = Tε˜ (mk)Tε˜ (λi)Tε˜ (m
−1
k )
= Tε˜ (m
−1
k λimk) = Tε˜ (λi,k) = λi,k. (36)
Thus, (35) shows that the (k, j) entry of [Tε˜ (ψk)] is c
j
i,kλi,k. ~
We illustrate this proposition with the following examples.
Example 3. Consider Cℓ2,2 ∼= Mat(4,R) with f =
1
4
(1+e13)(1+e24). Then, K = fCℓ2,2f =
Rf ∼= R and M = {1, e1, e2, e12}. Thus, any spinor in S = Cℓ2,2f has the form
ψ = fψ1 + e1fψ2 + e2fψ3 + e12fψ4 (37)
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where ψi ∈ K. Then, the matrices [ψ] and [Tε˜ (ψ)] in the spinor representation are related
via the matrix transposition:
[ψ] =


ψ1 0 0 0
ψ2 0 0 0
ψ3 0 0 0
ψ4 0 0 0

 , [Tε˜ (ψ)] =


ψ1 ψ2 ψ3 ψ4
0 0 0 0
0 0 0 0
0 0 0 0

 (38)
as can be shown by direct computation. Notice that we can obtain the set F by acting on
f via conjugation with monomials from M:
f1 = 1f1
−1 =
1
4
(1 + e13)(1 + e24), f2 = e1fe
−1
1 =
1
4
(1− e13)(1 + e24),
f3 = e2fe
−1
2 =
1
4
(1 + e13)(1− e24), f4 = e12fe
−1
12 =
1
4
(1− e13)(1− e24).
Thus, we have the decomposition of Cℓ2,2 into a direct sum of (Cℓ2,2,R)-bimodules:
Cℓ2,2 = Cℓ2,2f1 ⊕ Cℓ2,2f2 ⊕ Cℓ2,2f3 ⊕ Cℓ2,2f4
If instead of f = f1 in (37) we take f2, f3, or f4 with the same set M, we get, correspond-
ingly, the second, the third, and fourth column in the matrix [ψ]. For example, for ψ in
S2 = Cℓ2,2f2 we get:
[ψ] =


0 ψ2 0 0 0
0 ψ1 0 0 0
0 −ψ4 0 0 0
0 −ψ3 0 0 0

 , [Tε˜ (ψ)] =


0 0 0 0
ψ2 ψ1 −ψ4 −ψ3
0 0 0 0
0 0 0 0

 (39)
again related via the transposition. Finally, we consider the inner product on
S × S → K, (ψ, φ) 7→ Tε˜ (ψ)φ.
Let φ be another spinor in S = Cℓ2,2f expressed in a similar manner as in (37). Then,
Tε˜ (ψ)φ = (ψ1φ1 + ψ2φ2 + ψ3φ3 + ψ4φ4)f ∈ Rf.
We remark here, that the above inner product is neither Lounesto’s β+ nor β− inner
products on S, hence it is different from ‘spinor metrics’ commonly used, see [8]:
β+(ψ, φ) = s1ψ˜φ = (−ψ1φ4 + ψ3φ2 + ψ4φ1 − ψ2φ3)f ∈ Rf (40)
β−(ψ, φ) = s2ψ¯φ = (−ψ1φ4 − ψ3φ2 + ψ4φ1 + ψ2φ3)f ∈ Rf (41)
where s1 = s2 = e12 is a pure spinor. Here, the tilde in ψ˜ denotes reversion whereas the
bar in ψ¯ denotes Clifford conjugation. In signature (2, 2), the two forms β+ and β− are
invariant under Sp(4,R). See [8, Table 1 and 2, p. 236], while the bilinear form Tε˜ (ψ)φ is
invariant under O(4,R).
Example 4. Consider Cℓ3,0 ∼= Mat(2,C) with f =
1
2
(1 + e1). Then, K = fCℓ3,0f =
spanR{f, e23f}
∼= C and M = {1, e2}. Thus, any spinor in S = Cℓ3,0f has the form
ψ = fψ1 + e2fψ2 = f(ψ11 + ψ12e23) + e2f(ψ21 + ψ22e23) (42)
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where ψi = ψi1 + ψi2e23 ∈ K and ψi1, ψi2 ∈ R. Then, the matrices [ψ] and [Tε˜ (ψ)] in the
spinor representation are related via Hermitian complex conjugation:
[ψ] =
[
ψ11 + ψ12e23 0
ψ21 + ψ22e23 0
]
, [Tε˜ (ψ)] =
[
ψ11 − ψ12e23 ψ21 − ψ22e23
0 0
]
(43)
as the direct computation shows. Like in the real case, the set F can be found by acting
on f via conjugation with monomials from M:
f1 = 1f1
−1 =
1
2
(1 + e1), f2 = e2fe
−1
2 =
1
2
(1− e1).
Thus, we have the decomposition of Cℓ3,0 into a direct sum of (Cℓ3,0,C)-bimodules:
Cℓ3,0 = Cℓ3,0f1 ⊕ Cℓ3,0f2.
If instead of f = f1 in (42) we take f2 with the same set M, we get the second column in
the matrix [ψ]. For example, for ψ in S2 = Cℓ3,0f2 we get:
[ψ] =
[
0 ψ21 − ψ22e23
0 ψ11 − ψ12e23
]
, [Tε˜ (ψ)] =
[
0 0
ψ21 + ψ22e23 ψ11 − ψ12e23
]
(44)
which again are related via Hermitian complex conjugation. Finally, we consider the inner
product on
S × S → K, (ψ, φ) 7→ Tε˜ (ψ)φ.
Let φ be another spinor in S = Cℓ3,0f expressed in a similar manner as in (42). Then,
Tε˜ (ψ)φ = (ψ11φ11 + ψ22φ22 + ψ21φ21 + ψ12φ12)+
(−ψ22φ21 − ψ12φ11 + ψ21φ22 + ψ11φ12)e23 ∈ K
Comparison with Lounesto’s β+ and β− inner products on S shows that our product
coincides with β+, so it is invariant under U(2).
15 Therefore, it is different from β− which
invariant under Sp(2,C) :
β−(ψ, φ) = s2ψ¯φ = (ψ22φ12 − ψ21φ11 − ψ12φ22 + ψ11φ21)+
(−ψ22φ11 − ψ21φ12 + ψ12φ21 + ψ11φ22)e23 ∈ K (45)
where s2 = e2 are pure spinors.
Example 5. Consider Cℓ2,4 ∼= Mat(4,H) with f =
1
4
(1 + e15)(1 + e26). Then, K =
fCℓ2,4f = spanR{1, e3, e4, e34}
∼= H, M = {1, e1, e2, e12}, and
S = Cℓ2,4f = spanK{f, e1f, e2f, e12f}. (46)
Let
ψ = fψ1 + e1fψ2 + e2fψ3 + e12fψ4 ∈ S (47)
15We remark here that the product Tε˜ (ψ)φ always coincides with β+ in Euclidean signatures (p, 0) and
with β− in anti-Euclidean signatures (0, q).
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where ψ1, ψ2, ψ3, ψ4 ∈ K. Then, the matrices [ψ] and [Tε˜ (ψ)] in the spinor representation
are related via Hermitian quaternionic conjugation:
[ψ] =


ψ1 0 0 0
ψ2 0 0 0
ψ3 0 0 0
ψ4 0 0 0

 , [Tε˜ (ψ)] =


ψ¯1 ψ¯2 ψ¯3 ψ¯4
0 0 0 0
0 0 0 0
0 0 0 0

 (48)
where ψ¯i is the quaternionic conjugate. We compute the set F :
f1 = 1f1
−1 =
1
4
(1− e15)(1 + e26), f2 = e1fe
−1
1 =
1
4
(1− e15)(1 + e26),
f3 = e2fe
−1
2 =
1
4
(1 + e15)(1− e26), f4 = e12fe
−1
12 =
1
4
(1− e15)(1− e26).
Thus, we have the decomposition of Cℓ2,4 into a direct sum of (Cℓ2,4,H)-bimodules:
Cℓ2,4 = Cℓ2,4f1 ⊕ Cℓ2,4f2 ⊕ Cℓ2,4f3 ⊕ Cℓ2,4f4
It can be again easily shown that if we take in (46) and (47) idempotent f2, f3, or f4 instead
of f , then the matrix [ψ] will have the second, the third or the fourth column nonzero,
whereas the matrix [Tε˜ (ψ)] will be the Hermitian quaternionic conjugate of [ψ]. We won’t
display here the inner product Tε˜ (ψ)φ except we remark that it is again different from β+
and β−.
Using now Proposition 4 as well as the fact that the (simple) Clifford algebra Cℓp,q is
decomposable into a direct sum of N = 2q−rq−p spinor (Cℓp,q,K)-bimodules
Cℓp,q = Cℓp,qf1 ⊕ · · · ⊕ Cℓp,qfN , (49)
we obtain the next result.16
Proposition 5. Let Cℓp,q be a simple Clifford algebra, p− q 6= 1 mod 4 and p+ q ≤ 9. Let
u ∈ Cℓp,q. Suppose that [u] (resp. [Tε˜ (u)]) is a matrix of u (resp. Tε˜ (u)) in the spinor
representation with respect to the ordered basis S1 = [m1f1, . . . , mNfN ]. Then,
[Tε˜ (u)] =


[u]T if p− q = 0, 1, 2 mod 8;
[u]† if p− q = 3, 7 mod 8;
[u]‡ if p− q = 4, 5, 6 mod 8;
(50)
where T denotes transposition, † denotes Hermitian complex conjugation, and ‡ denotes
Hermitian quaternionic conjugation.
Proof. Due to the direct sum decomposition (49), every element u ∈ Cℓp,q can be written
as a sum of unique spinors ψk where ψk ∈ Cℓp,qfk. Since spinor representation is R-linear,
we have that
[u] = [ψ1] + · · ·+ [ψN ] (51)
16Decomposition (49) is also valid in semi-simple Clifford algebras when p− q = 1 mod 4.
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where ψk = ufk. Furthermore, due to R-linearity of the involution Tε˜ , we have
[Tε˜ (u)] = [Tε˜ (ψ1)] + · · ·+ [Tε˜ (ψN )]. (52)
The result now follows from Proposition 4. ~
We need to point out that unlike in part (e) of Lemma 2 where we set spinors ψk to
have the same components λi for the purpose of studying their matrix representation, the
actual components of spinors ufk, k 6= 1, are different from those of uf1. This is because
two conjugations are needed in
ufk = mk(ukf1)m
−1
k , uk = m
−1
k umk, (53)
for any mk ∈M since fk = mkf1m
−1
k . This will become evident in our last example.
Example 6. Consider again Cℓ3,0 as in Examples 2 and 4. Let u be an arbitrary element
in Cℓ3,0 expanded over the monomial basis
u = u11 + u2e1 + u3e2 + u4e3 + u5e12 + u6e13 + u7e23 + u8e123.
Then, matrix [u] in spinor representation in S1 = Cℓ3,0f1 is
[u] =
[
(u1 + u2)1 + (u8 + u7)e23 (u5 + u3)1− (u4 + u6)e23
(−u5 + u3)1 + (u4 − u6)e23 (u1 − u2)1 + (u8 − u7)e23
]
(54)
whereas matrix [Tε˜ (u)], related to it via Hermitian complex conjugation as predicted by
Proposition 5, is
[Tε˜ (u)] =
[
(u1 + u2)1− (u8 + u7)e23 (−u5 + u3)1− (u4 − u6)e23
(u5 + u3)1 + (u4 + u6)e23 (u1 − u2)1− (u8 − u7)e23
]
. (55)
Sign reversals in the second column of (54), i.e., in the components of the second spinor,
given that all four non-zero coefficients cjl,k are 1 as shown in (30), are caused by the
conjugation
u 7→ e2ue
−1
2 = u11− u2e1 + u3e2 − u4e3 − u5e12 + u6e13 − u7e23 + u8e123
which reverses signs of four components in u. Observe that commutators of the correspond-
ing basis elements with e2 are all −1.
3. Action on spinor spaces in semisimple Clifford algebras
Here we summarize only differences in the above results between simple and semisimple
algebras. We rely on Theorem 1 which provides sufficient information about the algebra
structure and begin by generalizing Proposition 1.
As before, let F be a complete set of 2N mutually annihilating idempotents of the
form (1) adding to the unity in a semisimple Clifford algebra Cℓp,q, p− q = 1 mod 4. This
time, N = 2k−1 where, as before, k = q − rq−p. Since the algebra is non-central, the set F
partitions into two subsets of N idempotents:
F = F1 ∪ F2 = {f1, f2, . . . , fN} ∪ {fˆ1, fˆ2, . . . , fˆN} (56)
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such that the idempotents in F1 (resp., F2) add up to say a central idempotent J+ =
1
2
(1 + e1···n) (resp., J− =
1
2
(1 − e1···n)).
17 Let f = f1 for short and let Gp,q(f) be the
stabilizer of f in Gp,q under the conjugate action. Since the orbit O(f) contains now
N = 2k−1 elements, we have
N = [Gp,q : Gp,q(f)] = |O(f)| = |Gp,q|/|Gp,q(f)| = 2 · 2
p+q/|Gp,q(f)| = 2
k−1
which implies that Gp,q(f) = 2
2p+rq−p in the semisimple case. Furthermore, it is easy to
notice that fˆ = mfˆm−1 for every m ∈ Gp,q(f).
Proposition 6. Let Cℓp,q be a semisimple Clifford algebra, p− q = 1 mod 4 and p+ q ≤ 9.
Let f be any primitive idempotent in the set F and let Gp,q(f) be its stabilizer in Gp,q under
the conjugate action. Then, Gp,q(f) = Gp,q(fˆ), and
(i) Gp,q(f)  Gp,q, that is, Gp,q(f) is a normal subgroup of Gp,q and |Gp,q(f)| =
22+p+rq−p.
(ii) Gp,q(f) is a 2-primary Abelian group when p − q = 0, 1, 2 mod 8 (real semisimple
case) whereas Gp,q(f) is a non Abelian 2-group when p− q = 4, 5, 6 mod 8 (quater-
nionic semisimple case).
(iii) Let k = q − rq−p. Then, Gp,q(f) is generated multiplicatively by s non-unique ele-
ments
Gp,q(f) = 〈g1, g2, . . . , gs〉 (57)
where s = k + 1 when p − q = 0, 1, 2 mod 8 whereas s = k + 2 when p − q =
4, 5, 6 mod 8.
(iv) The orders of the generators g1, g2, . . . , gs are 2 or 4, and the structure of the sta-
bilizer group Gp,q(f) is shown in Tables 4 and 5 in Appendix A.
(v) Let mj be an element in Gp,q(f) and let f have the form (1).Then, the stability of
the idempotent mjfm
−1
j = f implies
mjei
1
m−1j = ei1 , mjei2m
−1
j = ei2, . . . , mjeikm
−1
j = eik .
That is, the set of commuting monomials T = {ei
1
, . . . , eik} in f is point-wise
stabilized by Gp,q(f).
We should also observe that due to the decomposition
Cℓp,q = Cℓp,qJ+ ⊕ Cℓp,qJ− (58)
into simple ideals with F1 ⊂ Cℓp,qJ+ and F2 ⊂ Cℓp,qJ−, the two orbits O(f) and O(fˆ)
under the conjugate action of Gp,q remain disjoint.
Example 7. Consider Cℓ2,1 ∼= Mat(2,R)⊕Mat(2,R) with a primitive idempotent
f =
1
4
(1 + e1)(1 + e23).
17Recall, that uˆ denotes the grade involution of u ∈ Cℓp,q. Then, Jˆ+ = J−, J+J− = J−J+ = 0, and
J2± = J±.
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since k = 2. Then, according to Table 4, we have
G2,1(f) = 〈−1, e1, e23〉 = {±1,±e1,±e23,±e123}G2,1 (59)
and we can choose for a transversal set M = {1, e2}. Thus,
S = Cℓ2,1f = spanR{1f, e2f}, Sˆ = Cℓ2,1fˆ = spanR{1fˆ , e2fˆ}.
Let f1 = f . Then, we have two orbits:
O(f1) = {f1, f2}, O(fˆ1) = {fˆ1, fˆ2}, (60)
where f2 = e2f1e
−1
2 =
1
4
(1− e1)(1− e23). Thus, the vee group G2,1 partitions into two sets
G2,1 = G2,1(f) ∪ e2G2,1(f) = {±1,±e1,±e23,±e123} ∪ {±e2,±e3,±e12,±e13}.
Consider now two spinors
ψ = ψ1f1 + ψ2e2f1 ∈ S and φ = φ1f1 + φ2e2f1 ∈ S
with ψi, φi ∈ R. Then, in the spinor representation realized in the double ideal S ⊕ Sˆ, we
get
[Tε˜ (ψ), Tε˜ (ψˆ)] =
[
[ψ1, ψ1] [ψ2,−ψ2]
[0, 0] [0, 0]
]
, [ψ, ψˆ] =
[
[ψ1, ψ1] [0, 0]
[ψ2,−ψ2] [0, 0]
]
which shows that again the anti involution Tε˜ acts as a transposition. Notice also the
inner product on S that is again invariant under the group Gε2,1:
Tε˜ (ψ)φ = (ψ1φ1 + ψ2φ2)f1 ∈ K = f1Cℓ2,1f1 ∼= R.
In the quaternionic semisimple case when p− q = 4, 5, 6 mod 8 we can again verify that
the anti involution Tε˜ acts as a Hermitian quaternionic conjugation, and that for any
spinor ψ ∈ S = Cℓp,qf, the Clifford product Tε˜ (ψ)ψ belongs to fCℓp,qf ∼= R.
4. Conclusions
In [1] we gave some general arguments why studying the transposition anti-isomorphism
is useful and in which way this work can and should be generalized. We do not repeat
these arguments here and refer to that paper.
Spinor metrics play an important role in physics since they provide covariant bilinears,
which encode physical quantities, see for example chapters 11 and 12 in [8]. Usually spinor
norms employ Clifford reversion and Clifford conjugation, e.g., the Dirac dagger sending
ψ 7→ ψ† = ψ¯tγ0. These two conjugations lead to the β+ and β− norms if additionally a
pure spinor is chosen.
The present paper generalized this setting to bilinear forms Tε˜ (ψ)ψ for any signature.
We showed that for Euclidean and anti-Euclidean signatures these forms reduce to β+
and β−. In general we get, however, new norms.
We can hence generalize the so-called Salingaros vee groups employing the map Tε˜ to
construct the discrete group Gp,q. The main work done in this paper was to show in detail,
how the stabilizer groups Gp,q(f) of a primitive idempotent generate, via a transversal for
ON THE TRANSPOSITION ANTI-INVOLUTION IN REAL CLIFFORD ALGEBRAS II: ... 21
the cosets in Gp,q/Gp,q(f), a spinor basis, and how the spinor modules for different idem-
potents are related. The results are summarized in Tables 1 to 5 included in Appendix A.
Another important result obtained is, that the transposition map Tε˜ of the real Clifford
algebra induces an (anti) involution of the (double skew) field K underlying the spinor
modules, which is not the real field in general, and hence can be nontrivial. This is a
subtle point relating the complex and quaternionic conjugations to the transposition, and
by no means in a straight forward way.
We believe our results, stated only in dimensions n ≤ 9, are generally true in any dimen-
sion. In order to extend them to all dimensions, one would employ the mod8 periodicity
of Clifford algebras. However, we would like to do that including the full constructive
machinery presented here, and that was beyond the aim of the current work.
Having constructed new spinor metrics, a natural question is to identify their invariance
groups, as Lounesto did for β+ and β−. This will be presented in part 3 of this work [2].
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Appendix A. Data Tables
Table 1: Stabilizer group Gp,q(f) of a primitive idempotent f in
simple Clifford algebra Cℓp,q ∼= Mat(2
k,R), k = q − rq−p
p− q 6= 1 mod 4, p− q = 0, 1, 2 mod 8, |Gp,q(f)| = 2
1+p+rq−p
Cℓp,q f Gp,q(f) ∼= (Z2)
k+1 |g|
Cℓ1,1
1
2(1 + e12) 〈−1, e12〉
∼= (Z2)
2 (22)
Cℓ2,0
1
2(1 + e1) 〈−1, e1〉
∼= (Z2)
2 (22)
Cℓ2,2
1
4(1 + e13)(1 + e24) 〈−1, e13, e24〉
∼= (Z2)
3 (23)
Cℓ3,1
1
4(1 + e1)(1 + e34) 〈−1, e1, e34〉
∼= (Z2)
3 (23)
Cℓ0,6
1
8(1 + e123)(1 + e146)(1 + e345) 〈−1, e123, e146, e345〉
∼= (Z2)
4 (24)
Cℓ3,3
1
8(1 + e14)(1 + e25)(1 + e36) 〈−1, e14, e25, e36〉
∼= (Z2)
4 (24)
Cℓ4,2
1
8(1 + e1)(1 + e35)(1 + e46) 〈−1, e1, e35, e46〉
∼= (Z2)
4 (24)
Cℓ0,8
1
16 (1 + e123)(1 + e146)×
(1 + e345)(1 + e367)
〈−1, e123, e146, e345, e367〉 ∼= (Z2)
5 (25)
Cℓ1,7
1
16 (1 + e18)(1 + e234)×
(1 + e257)(1 + e456)
〈−1, e18, e234, e257, e456〉 ∼= (Z2)
5 (25)
Cℓ4,4
1
16 (1 + e15)(1 + e26)×
(1 + e37)(1 + e48)
〈−1, e15, e26, e37, e48〉 ∼= (Z2)
5 (25)
Cℓ5,3
1
16 (1 + e1)(1 + e36)×
(1 + e47)(1 + e58)
〈−1, e1, e36, e47, e58〉 ∼= (Z2)
5 (25)
Cℓ8,0
1
16 (1 + e1)(1 + e2345)×
(1+e2468)(1+e4567)
〈−1, e1, e2345, e2468, e4567〉 ∼= (Z2)
5 (25)
Note: The last column lists the orders (|g1|, . . . , |gs|) of the generators in 〈g1, . . . , gs〉
shown in the third column. Here, (2s) denotes a sequence (2, . . . , 2︸ ︷︷ ︸
s
) and (Z2)
k+1
denotes the direct product Z2 × · · · × Z2︸ ︷︷ ︸
k+1
.
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Table 2: Stabilizer group Gp,q(f) of a primitive idempotent f in
simple Clifford algebra Cℓp,q ∼= Mat(2
k,C), k = q − rq−p
p− q 6= 1 mod 4, p− q = 3, 7 mod 8, |Gp,q(f)| = 2
1+p+rq−p
Cℓp,q f Gp,q(f) |g|
Cℓ1,2
1
2(1 + e13) 〈e2, e13〉
∼= Z2 × Z4 (4, 2)
Cℓ3,0
1
2 (1 + e1) 〈e1, e23〉
∼= Z2 × Z4 (2, 4)
Cℓ0,5
1
4 (1 + e123)(1 + e345) 〈e3, e12, e45〉
∼= (Z4)
3 (43)
Cℓ2,3
1
4(1 + e14)(1 + e25) 〈e3, e14, e25〉
∼= (Z2)
2 × Z4 (4, 2
2)
Cℓ4,1
1
4 (1 + e1)(1 + e45) 〈e1, e23, e45〉
∼= (Z2)
2 × Z4 (2, 4, 2)
Cℓ1,6
1
8(1 + e17)(1 + e234)(1 + e456) 〈e4, e17, e23, e56〉
∼= Z2 × (Z4)
3 (4, 2, 42)
Cℓ3,4
1
8(1 + e15)(1 + e26)(1 + e37) 〈e4, e15, e26, e37〉
∼= (Z2)
3 × Z4 (4, 2
3)
Cℓ5,2
1
8 (1 + e1)(1 + e46)(1 + e57) 〈e1, e23, e46, e57〉
∼= (Z2)
3 × Z4 (2, 4, 2
2)
Cℓ7,0
1
8(1 + e1)(1 + e2345)(1 + e4567) 〈e1, e23, e45, e67〉
∼= Z2 × (Z4)
3 (2, 43)
Cℓ0,9
1
16 (1 + e123)(1 + e146)×
(1 + e345)(1 + e367)
〈e89, e123, e146, e157, e256〉 ∼= (Z2)
4 × Z4 (4, 2
4)
Cℓ2,7
1
16 (1 + e18)(1 + e29)×
(1 + e345)(1 + e567)
〈e5, e18, e29, e34, e67〉 ∼= (Z2)
2 × (Z4)
3 (4, 22, 42)
Cℓ4,5
1
16 (1 + e16)(1 + e27)×
(1 + e38)(1 + e49)
〈e5, e16, e27, e38, e49〉 ∼= (Z2)
4 × Z4 (4, 2
4)
Cℓ6,3
1
16 (1 + e1)(1 + e47)×
(1 + e58)(1 + e69)
〈e1, e23, e47, e58, e69〉 ∼= (Z2)
4 × Z4 (2, 4, 2
3)
Cℓ8,1
1
16 (1 + e1)(1 + e89)×
(1+e2345)(1+e4567)
〈e1, e23, e45, e67, e89〉 ∼= (Z2)
2 × (Z4)
3 (2, 43, 2)
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Table 3: Stabilizer group Gp,q(f) of a primitive idempotent f in
simple Clifford algebra Cℓp,q ∼= Mat(2
k,H), k = q − rq−p
p− q 6= 1 mod 4, p− q = 4, 5, 6 mod 8, |Gp,q(f)| = 2
1+p+rq−p
Cℓp,q f Gp,q(f) |g|
Cℓ0,4
1
2 (1 + e123) F3 = 〈e1, e2, e3〉 (4
3)
Cℓ1,3
1
2(1 + e14) 〈e2, e3, e14〉
∼= F2 × Z2 (4
2, 2)
Cℓ4,0
1
2(1 + e1) 〈e1, e23, e24〉
∼= F2 × Z2 (2, 4
2)
Cℓ1,5
1
4(1 + e16)(1 + e234) 〈e2, e3, e4, e16〉
∼= F3 × Z2 (4
3, 2)
Cℓ2,4
1
4(1 + e15)(1 + e26) 〈e3, e4, e15, e26〉
∼= F2 × (Z2)
2 (42, 22)
Cℓ5,1
1
4(1 + e1)(1 + e56) 〈e1, e23, e24, e56〉
∼= F2 × (Z2)
2 (2, 42, 2)
Cℓ6,0
1
4(1 + e1)(1 + e2345) 〈e1, e23, e24, e25〉
∼= F3 × Z2 (2, 4
3)
Cℓ2,6
1
8(1 + e17)(1 + e28)(1 + e345) 〈e3, e4, e5, e17, e28〉
∼= F3 × (Z2)
2 (43, 22)
Cℓ3,5
1
8(1 + e16)(1 + e27)(1 + e38) 〈e4, e5, e16, e27, e38〉
∼= F2 × (Z2)
3 (42, 23)
Cℓ6,2
1
8(1 + e1)(1 + e57)(1 + e68) 〈e1, e23, e34, e57, e68〉
∼= F2 × (Z2)
3 (2, 42, 22)
Cℓ7,1
1
8(1 + e1)(1 + e78)(1 + e2345) 〈e1, e23, e24, e25, e78〉
∼= F3 × (Z2)
2 (2, 43, 2)
Note: F3 = 〈e1, e2, e3〉, |F3| = 16, |e1| = |e2| = |e3| = 4, e1e2 = −e2e1, e1e3 = −e3e1,
and e2e3 = −e3e2. F2 = 〈e2, e3〉G1,3(f), |F2| = 8, e2e3 = −e3e2, |e2| = |e3| = 4.
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Table 4: Stabilizer group Gp,q(f) of a primitive idempotent f in
semisimple Clifford algebra Cℓp,q ∼= Mat(2
k−1,R)⊕Mat(2k−1,R)
k = q − rq−p, p− q = 1 mod 4, p− q = 0, 1, 2 mod 8, |Gp,q(f)| = 2
2+p+rq−p
Cℓp,q f Gp,q(f) ∼= (Z2)
k+1 |g|
Cℓ2,1
1
4 (1 + e1)(1 + e23) 〈−1, e1, e23〉
∼= (Z2)
3 (23)
Cℓ3,2
1
8 (1 + e1)(1 + e24)(1 + e35) 〈−1, e1, e24, e35〉
∼= (Z2)
4 (24)
Cℓ0,7
1
16 (1 + e123)(1 + e146)×
(1 + e345)(1 + e367)
〈−1, e123, e146, e345, e367〉 ∼= (Z2)
5 (25)
Cℓ4,3
1
16 (1 + e1)(1 + e25)×
(1 + e36)(1 + e47)
〈−1, e1, e25, e36, e47〉 ∼= (Z2)
5 (25)
Cℓ5,4
1
32 (1 + e1)(1 + e26)×
(1+e37)(1+e48)(1+e59)
〈−1, e1, e26, e37, e48, e59〉 ∼= (Z2)
6 (26)
Cℓ9,0
1
32(1 + e1)(1 + e2345)×
(1 + e2367)(1 + e2389)×
(1 + e2468)
〈−1, e1, e2345, e2367, e2389, e2468〉 ∼= (Z2)
6 (26)
Cℓ1,8
1
32(1 + e1)(1 + e2345)×
(1 + e2367)(1 + e2389)×
(1 + e2468)
〈−1, e1, e2345, e2367, e2389, e2468〉 ∼= (Z2)
6 (26)
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Table 5: Stabilizer group Gp,q(f) of a primitive idempotent f in
semisimple Clifford algebra Cℓp,q ∼= Mat(2
k−1,H)⊕Mat(2k−1,H)
k = q − rq−p, p− q = 1 mod 4, p− q = 4, 5, 6 mod 8, |Gp,q(f)| = 2
2+p+rq−p
Cℓp,q f Gp,q(f) |g|
Cℓ0,3
1
2(1 + e123) F3 = 〈e1, e2, e3〉 (4
3)
Cℓ5,0
1
4(1 + e1)(1 + e2345) 〈e1, e23, e24, e25〉
∼= F3 × Z2 (2, 4
3)
Cℓ1,4
1
4(1 + e15)(1 + e234) 〈e2, e3, e4, e15〉
∼= F3 × Z2 (4
3, 2)
Cℓ2,5
1
8(1 + e16)(1 + e27)(1 + e345) 〈e3, e4, e5, e16, e27〉
∼= F3 × (Z2)
2 (43, 22)
Cℓ6,1
1
8(1 + e1)(1 + e67)(1 + e2345) 〈e1, e23, e24, e25, e67〉
∼= F3 × (Z2)
2 (2, 43, 2)
Cℓ7,2
1
16 (1 + e1)(1 + e28)(1 + e39)(1 + e4567) 〈e1, e28, e39, e45, e56, e57〉
∼= F3 × (Z2)
3 (23, 43)
Cℓ3,6
1
16 (1 + e1)(1 + e24)(1 + e35)(1 + e6789) 〈e1, e24, e35, e67, e68, e69〉
∼= F3 × (Z2)
3 (23, 43)
Note: F3 = 〈e1, e2, e3〉 < G0,3(f), |F3| = 16, |e1| = |e2| = |e3| = 4, e1e2 = −e2e1, e1e3 = −e3e1,
and e2e3 = −e3e2.
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